Abstract-An essential step in deriving kinematic models of free-flying space robots, consisting of a free-base and a manipulator mounted on it, is to write the total momenta of the system at hand. The momenta are, usually, expressed as the functions of the velocities of apreselected body that belongs to the robot, e.g., the free-base. In this paper, no preselection is recommended. On the contrary, the total momenta are expressed as the functions of the velocities of an arbitrary body of the space robot, namely, the primary body (PB). The identity of the PB, unlike the conventional approaches, need not be known at this stage. Therefore, the generalized expressions for the total momenta are obtained. The resulting expressions can explain the existing kinematic models and how they affect the efficiencies of the associated control algorithms. Based on the proposed approach, it is shown that if the end-effector motion is the only concern, as desired in kinematic control, it should be selected as the PB. This leads to the most efficient algorithms.
the GJM's with respect to the end-effector and any other rigid body in the kinematic chain of the space robot can be defined. The definitions, nevertheless, do not provide any additional advantage over the original GJM.
In
all those attempts [l], [3]-[5]
, it has been noticed that, in ordtx to derive the kinematic model of the free-flying space robots, first, a body is selected, e.g., the spacecraft in [3] or the whole system as the composite body in [5]. Then, the velocities of the preselected body are used to express the total momenta of the system at hand. Finally, the kinematic model is derived. The disadvantage of this approach is that no generalized expression for the total momenta is available, which could suggest a suitable choice of the body that will satisfy a desired requirement, e.g., an efficient control algorithm. Hence, different expressions for the total momenta in terms of the velocities of different preselected bodies have been emerged, probably, in search for an efficient kinematic algorithm. Such attempts were attributed to the derivation of the total momenta from the definition given by (4). The explanation appears after the equation.
In order to overcome the above problem, the total momenta of the space robot at hand are derived here from its total kinetic energy. This allows to express the total momenta in terms of the velocities of an arbitrary body, which is called the primary body (PB). The identity of the PB need not be known at this stage. It means that no preselection is required. Moreover, to obtain the kinematic model, first, the total momenta are written as the functions of the velocities of the PB. Then, the PB is selected. Finally, the kinematic model is attempted. In effect, the first two conventional steps are interchanged and the concept of PB is introduced. The approach has the following features.
i) The generalized expressions for the total momenta in terms of the velocities of the PB are obtained. ii) Since the PB is arbitrary, a choice of the spacecraft as the PB leads to the kinematic model based on the generalized Jacobian matrix (GJM) [3], whereas the composite body comprising of all the rigid bodies of the space robot as the PB explains the model reported in [5] . For kinematic analyses, where the relations between the end-effector and the joint motions are of interest, it is shown in this paper that the choice of the end-effector as the PB, among other choices, will lead to the kinematic model that results in the most efficient algorithms. It is pointed out after (24) and (25). Interestingly, a model similar to the one, mentioned in iii), has been also derived in a separate independent research [6] where, however, no reason is given for its efficiency. In addition, the ... 1042-296W96$05.00 0 1996 IEEE point about the most efficiency could not be made because their approach is based on the conventional steps that lack generality. This paper is organized as follows: In Section II, the generalized expressions for the total momenta are derived as the extended total momentum (ETM) and the concept of PB is introduced. Section I11 shows how the GJM can be derived using the proposed approach. The kinematic model using the end-effector as the PB is also presented there. In Section TV, the efficiencies of the direct and inverse hnematic algorithms, based on the proposed model, are compared. Finally, the contribution of the paper is discussed in Section V.
EXTENDED TOTAL MOMEMTUM AND THE P m Y BODY
The space robot under study is assumed to be consisting of n + l rigid bodies, denoted in Fig. 1 by #0 , . . . , #n, connected by n revolute joints located at 0 1 , . . . ,On. Referring to the motion of the ith body, some definitions are introduced as follows :
t 2 : the six-dimensional vector of twist, which is defined as where w, and C, are the three-dimensional vectors representing the angular velocity and the velocity of the mass center of the zth body, C,, respectively. Note that, in order to define the twist of a rigid body, any point other than C2 may be chosen also. This is done for the twist of the end-effector, as in (22).
M , : the 6 x 6 extended mass matrix of the ith body, i.e.,
where m, and I , are the mass of the ith body and its 3 x 3 inertia tensor about C,, respectively, whereas 1 and o are the 3 x 3 identity and zero tensors, respectively.
h: the six-dimensional extended total momentum (ETM) of the system, given by r -
where a and 7n are the three-dimensional vectors of totat angular momentum about an inertially fixed point, say, 0 of in which if a is derived about a moving point S. it will be denoted by a3. The subscript, "s," will be explained as it appears. Consequently, the ETM, h, will be represented as h, .
The expression for the total linear momentum that does not depend on any such point will, however, always be denoted by m.
Note that, if the definition given by (4) is used in an attempt to derive the kinematic model of the free-flying space robot, there is a natural tendency to select a body first and express What the right hand side of ( is the six-dimensional vector the angular momentum of the z is introduced as - (7) where T is total kinematic en of rt + 1 rigid bodies, Fig. 1 where the 6(n + 1)-dimensio 6(n + 1) matrix, M , are as It is pointed out here that, topology other than the one show space robot, (8) should be calcul ring to the definition of the total will lead to the generalized expressions the following points are indicated.
a) The angular momentu about the mass center body is denoted by P and given the name primary body \ (PB). Note that, if a point other than the mass center is used to define t,, e.g., t , of (22), the associated ETM, h,, would imply that its angular momentum is calculated about the point specified in defining t,.
b) Equation (7) is defined with respect to the twist of a rigid body whose choice is not limited. Hence, it could be any body that belongs to the kinematic chain of the system or the whole system as the composite body [5] .
From a), since the angular momentum of the ETM, (7), is calculated about a moving point, (7) is not suitable for the development of a control algorithm, where it is always desired to find the total momenta in an inertial frame, i.e., h of (3).
This implies that the angular momentum be evaluated about an inertially fixed point, say, 0 of Fig. 1 . The problem is resolved with the aid of the translation theorem [7] , which states that
where the 6 x 6 matrix, B,, is defined as in which C, is the 3 x 3 cross-product tensor associated to the vector, c,, that denotes the position of the mass center of body P, C,, as indicated in Fig. 1 for the ith body, c,. Moreover, the cross-product tensor 2 associated to the vector z is defined as for an arbitrary three-dimensional vector x. Now, the substitution of (8) into (7) yields
where to obtain the expression, at/&,, the generalized twist, t of (9), must be obtained as a function of tp, i.e., the twists of all the rigid bodies in the chain must be written in terms of t,. Hence, the name Primary Body, given to the body P, is justified. Using the kinematic constraints, vector t is expressed as t = T p t p + t' (14) in which T p is the 6(n + 1) x 6 matrix associated to t,, and t'
represents the 6(n+ 1)-dimensional vector that is a function of the joint motions. The expression oft' depends on the types of couplings present in the kinematic chain, e.g., a revolute or a prismatic pair. The term, dtldt,, is next obtained from (14) as (15) and, substituting (15) into (13), h, is given by h, = TTMt.
(16)
Finally, the ETM, h of (lo), is derived from (14) and ( 
h = B , T~M ( T , t , + t').
Note in (17) that the ETM, h, unlike in the conventoinal approaches, is derived here as a function of the velocities of an arbitrary body, namely, the PB. The identity of the PB need not be known at this stage, i.e., whether the PB is the spacecraft or the end-effector is not essential here. However, a choice about the PB must be made before writing the kinematic equations for control algorithms. The criteria depend on the primary objective of the kinematic analyses, as shown next.
KINEMATIC EQUATIONS
As to show how the concept of PB can be used in deriving the kinematic model, two sets of equations using the spacecraft and the end-effector as the PB are derived. The former leads to the definition of the GJM [3], as done in Section 111-A.
A. Derivation of the Generalized Jacobian Matrix
Here: the interest is to examine the reaction effect of the manipulator on its base [3], i.e., the motion of the spacecraft must be known. Hence, the spacecraft is selected as the PB.
The generalized twist of the space robot, t of (14), can, therefore, be expressed as
where t o is the twist of the spacecraft, body #O of Fig. 1 , as defined in (l), and 0 is the n-dimensional vector of the joint rates, i.e., (19) . . T O and T , are the 6(n + 1) x 6 and the 6(n + 1) x n matrices, respectively. Comparison of (14) and (18) shows that t' = Tme. Using (18), the ETM, h of (17) 
However, the 6 x 6 matrix, Bo, is defined similar to B,, (1 I), associated to the position of the spacecraft, CO of Fig. 1 . Equation (20) represents a relation between the twist of the spacecraft and the joint rates of the manipulator. But, for the kinematic analyses, relations between the twist of the end-eflector and the joint rates are desired. Thus, additional equations are required, which are written from the kinematic constraints as t , = Jot0 + J,e
where t, is the twist of the end-effector, i.e., t, = [wT,t$IT, w e and E, being the angular velocity of the end-effector and the velocity of point E on the end-effector, Fig. 1 , respectively. The terms, JO and J,, are the 6 x 6 and the 6 x n matrices, respectively. From (20) and (22), the desired kinematic model is derived as
t, = J*e + H * h ' IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL 12, NO 3, JUNE 1996 , in which the 6 x n matrix, J * , and the 6 x 6 matrix, H*, are as follows.
J* = J , -J0I;'Im and H* = JoI;lB,l. (24) Since I o is a symmetric positive 'definite (SPD) matrix, its inverse is always defined. Also, from (11), it IS clear that BO' exists. Matrix J* is the so called generalized Jacobian matrix (GJM), as originally derived in [3] , and obtained here using the spacecraft as the PB. Note that the GJM approach is essential while, in addition to the end-effector control, the motion of the spacecraft is also desired for some other purposes, for example, attitude control problem of the space robots. However, if the end-effector motion is the only concern, (17) suggests that the end-effector should be chosen as the PB. This avoids the calculations of the additional step of the GJM, (22), and directly leads to the kinematic model, resulting in more efficient algorithms. This is done next.
B. Kinematic Model Using the End-Effector as the Primary Body
A kinematic model based on the end-effector as the PB is proposed. For this, the generalized twist, t, is derived, similar to (18), as A .
where t, is defined after (22) and 6 is given by (19). Also, T , and T , are the 6(n + 1) x 6 and the 6(n + 1) x n matrices, respectively. The ETM, h, using the end-effector as the PB is then derived, similar to (20), as h = B,(I,t, + imb) (26) where the 6 x 6 matrix, Be, is associated to ce and defined similar to (ll), whereas I , and fm, the 6 x 6 and the 6 x n matrices, respectively, are as follows:
I,-T:MT, ana

~, E T : M~? , . (27)
In contrast to (20), (26) directly leads to the kinematic model that relates the twist of the end-effector to the joint rates, i.e.,
where J and H are the 6 x n Jacobian matrix and the 6 x 6 matrix associated to h, respectively. They are given by J ---I ; I~~ ana H = I;IB;I
in which 1 , ' exists, since it is a SPD matrix. Comparing (24) and (29), it is now obvious that the expression of matrix J is less complex than that of the GJM, J*. In fact, as evident from (17), no other choice than the end-effector as the PB would provide the least complex expression for the Jacobian matrix associated to the kinematic model of the free-flying space robots. A kinematic model similar to (28) is also reported i) the ability to choose the end-effector, as the PB, from the generalized expression of the total momenta, (17); ii> the efficient calculation of different terms, particularly, those containing the orientation matrices. For example, to find an inertia tensor of a body, either individual or composite, from its representation in one particular frame to the successive frame, requires multiplications of three 3 x 3 matrices. In the proposed algorithm, they are efficiently done only with 16 multiplications ( M ) and 17 additions (A). It was possible due to the orthogonality of the orientation matrices and the symmetricity of the inertia tensors. Note in Table I (B), the increased efficiency of the proposed algorithm for inverse kinematics, compared to those in [4], [5] . The reason is: in the GJM based model, in order to find e, the complex expression of J*, (24) , must be evaluated, whereas, in the present. scheme, the explicit calculation of J is not required, as B is solved from (29) and (30) as, f m B = -lete, where the vector, I,&, is the input. It is emphasized here that, besides the efficiency, the derivation of the total momenta of the space robot from its total kinetic energy, (17), and the introduction of the concept of PB have the following characteristics. The proposed approach: i) explains all the existing models, as discussed in Section I and shown in Section 111-A for the GJM based model; ii) clarifies why the choice of the end-effector as the PB, compared to any other choice, leads to the most efficient algorithms. The reasons are given after (29), which could not be pointed out in any other literature. Hence, the concept of PB gives a significant insight to the kinematics of the free-flying space robots and may be considered as a useful tool to study space robotics.
